The pepper-pot method is a popular emittance measurement technique for high intensity beams at low energy such as those generated by photo-injectors. In this paper, the beam dynamics in the space charge dominated regime and analytical design criteria for a mask-based emittance measurement (pepper-pot method) are revisited. A tracking code developed to test the performance of a pepper-pot setup is introduced. Examples of such testing are presented with particle distributions that were generated using PARMELA under different focusing conditions. These distributions were numerically tested against a series of mask geometries suggested by analytical criteria. The resulting fine-tuned geometries and beam dynamics features observed are presented.
I. INTRODUCTION
The pepper-pot method is a well-known technique for phase space characterisation at low energies, before energy boosting, where the space charge force is significant for high brightness beams [1, 2] . It is widely used in radio-frequency photoinjectors which produce high brightness electron beams for light sources [3, 4] and test facilities for other large scale applications [5] [6] [7] . Today, this method continues to be popular to measure the phase space of electron beams generated by conventional and advanced accelerators [8] [9] [10] [11] .
In this paper, we recapitulate the beam dynamics in the operating regime of the pepper-pot emittance measurement by studying the envelope equation for a space charge dominated beam, and numerically demonstrate the interplay between defocusing due to space charge and beam emittance. For these simulations, a typical photo-injector model was implemented in PARMELA [12] as sketched in Fig. 1 . This includes an RF gun at 3 GHz working at an on-axis field of 100 MV/m [13] followed by a travelling wave booster structure at the same frequency and working at 15 MV/m [14] . A pepper-pot setup is envisaged to be located after the RF gun prior to the booster structure (132 cm after the cathode) and an analytical approach for its design is presented. It is discovered that a design purely based on analytical criteria does not always generate reliable results hence has to be validated and fine-tuned numerically. Consequently, a tracking algorithm is introduced to realise the transport through the mask and perform these validations. injector generally is where beam is quasi-laminar at the start of the booster linac (in the vicinity of the mask) under appropriate focusing (provided by solenoids) which mainly performs the matching of the beam envelope. This ensures emittance compensation under space charge by aligning the phase space angle of each slice and minimising the projected emittance [15, 16] . Both analytical and numerical design of a pepperpot system are based on given beam parameters such as the rms beam size, divergence, emittance and energy. Therefore, naturally, the performance of pepper-pot measurements are optimised for this quasi-laminar regime. Under focusing conditions that does not fulfil emittance compensation, such as where the focal point of beam envelope occurs before or after the mask, (hence, an incoming beam is nonlaminar at the mask location) emittance measurements will include errors due to an underestimated beam divergence and beam size. Furthermore, the pepper-pot method analysis algorithm given in Section III A assumes a Gaussian incident beam profile limiting the performance of the method to Gaussian, ideally quasi-laminar, beams. We tested various analytically suggested pepper-pot geometries using the above-mentioned numerical tool and investigated reconstructed emittance results under different solenoidal focusing in comparison to those retrieved from PARMELA simulations. As a result of these studies, we demonstrated that non-laminar beam envelopes or more specifically beams with un-compensated projected emittances might not be suitable for pepper-pot measurement.
II. BEAM CHARACTERISTICS
In general, a photo-injector operates in a space charge dominated regime, generating a high intensity beam which is still at low energy (in the order of a few MeVs) before acceleration in a booster linac. For such a beam, the significance of space charge defocusing was semi-analytically studied by comparing it to the outward pressure of the beam associated with the normalised beam emittance. The envelope equation in paraxial limit is given as [15] , β is the normalised mean beam velocity, γ is the normalised beam energy in the units of the rest mass energy, κ s is the beam perveance and ε n is the normalised transverse emittance of a beam slice. In this equation, the last two terms represent the defocusing due to space charge and beam emittance, respectively. Here, beam perveance is given by κ s = I/2I 0 where I = Q/(2σ z 2ln(2)) is the peak beam current for a Gaussian beam and I 0 is a constant, known as Alfven current (17kA). The ratio of these two terms determines the dominant defocusing factor. The second and third terms represent the focusing due to adiabatic damping and external focusing. The PARMELA generated electromagnetic (by the RF gun and booster linac) and magnetic fields (by the solenoids) acting on the beam for an envelope matched to the linac are presented in Fig. 2 -a. The corresponding magnetic field profile in the figure has a peak value of approximately 2914 G and this profile was scaled to achieve different amount of focusing around the RF gun. All results in this paper are presented for a 1 nC beam reaching to an energy of 6.6 MeV after the gun (and 17 MeV after the linac which is not relevant at the mask location). Figure 2 -b shows how beam emittance and rms size evolves as a function of solenoid current at the location of the mask. According to this, beam emittance is minimised at 3029 G slightly after the beam focus at 2971 G. Four working points were chosen across this focusing range; one that represents an under-focused envelope (2857 G), a point with an envelope optimised to minimise the emittance at the location of the mask (3029 G), another which ensures the matching to the booster linac (2914 G) and finally a point with an overfocused envelope (3086 G). These beam conditions are used to study the performance of different pepper-pot mask designs for different envelope characteristics which are summarised in Table I . For a relativistic beam (β ≈ 1), apart from the constant normalised beam energy γ, and beam current I, the ratio of emittance and space charge defocusing scales proportional to the square of the beam emittance and inversely proportional to the square of the rms beam size. Hence the evolution of this ratio is mainly determined by the beam envelope. Figure 3 -(a) shows that the ratio, ε 2 n βγ/σ 2 κ s evolves through the beamline for varying ε n and σ(s) (given in Fig. 3-(b) ) as well as β(s) and γ(s) as beam undergoes focusing and acceleration. Here, 's' is the curvilinear coordinate following the beam trajectory. In Fig. 3-(a) , the vertical dashed lines comprise the regions of acceleration due to the RF gun and the booster linac. In these regions the emittance oscillations are visible as expected due to the time varying nature of the RF fields and envelope mismatch [15] , hence, the amplitude of these oscillations depends on solenoidal focusing as well as bunch charge (strength of the space charge force, not studies here). The horizontal red dashed line indicates the value where the space charge defocusing and intrinsic beam emittance are equal. Consequently, beam configurations below this point lead to space charge dominated beams. The solid black line marks the location of the emittance measurement (location of the mask at 132 cm). Figure 3 -(a) shows that for all the studied focusing conditions the ratio 2 n βγ/σ 2 κ s remains less than one throughout the majority of the beamline (below the red line marking the space charge limit). The evolution of a beam envelope accelerated under such conditions will therefore remain dominated by space charge forces. Consequently, to measure only the intrinsic beam emittance, a method to remove the space charge contribution to the evolving beam envelope is required. A common technique is the pepper-pot method, which uses a mask to isolate the intrinsic beam emittance, and captures the 4D transverse phase-space (x, x , y, y ) of a beam in a single shot [1, 2] . The beam envelopes and projected emittance evolution are presented in 3-(b) with corresponding solenoid field values. Emittance compensation occurs at 2914 G minimising the emittance delivered after the linac [15, 16] .
III. 4D PHASE SPACE SAMPLING
In previous section we show that for sufficiently intense beams at low energy, emittance should be measured under conditions where the defocusing due to space charge is eliminated and hence only defocusing due to beam emittance is detected. This is facilitated with a mask, comprised of either slits or holes in some high-Z material, and is designed to ensure that having passed through, each electron ensemble (beam-let) undergoes negligible space charge defocusing. In the case of a mask with slits, the measurement is only in one plane (x-x or y-y depending on the orientation of the slits) however utilising a mask with holes, which is called a "pepper-pot" mask, allows four dimensional (x-x and y-y simultaneously) single shot measurement of the transverse emittance.
A. Emittance Analysis Algorithm for Pepper-pot Method
This method suggests to split a space charge dominated beam into beam-lets, by using a mask with holes arranged in a rectangular matrix, so that each beam-let carries an amount of charge to pose no significant space charge defocusing [1, 2] . After a certain propagation through a drift section, these beam-lets can be observed on a fluorescent or optical transition radiation screen located downstream of the mask as sketched in Fig. 4 . Intensity projection of the beam-lets on either axis are used to calculate each term in the rms emittance equation as a weighted sum over the relative intensities of individual beam-lets as shown from Eq. 2 to Eq. 5 [2] . 
In the above equations, c in the indices denotes that the values are with respect to the centroid of the beam-lets (in the analysis code centroid is defined as the beam-let with the largest intensity); ρ i is the measured intensity of the i th beamlet; σ i = σ i /L is the spread in the divergence of the i th beamlet due to the finite beamlet width (σ i ); and x i is the divergence of the i th beam-let calculated by correlating the hole locations and beam-let locations on the screen as x i − id /L, where d is the distance between the holes.
B. Mask Design
The basic design criteria for a pepper-pot system are formed considering the strength of space charge force present, divergence and rms size of the beam, and the angular resolution of the system [17] . After the mask beam-lets should carry a fraction of the initial charge to prevent them from exerting any space charge force. The ratio between the space charge and the beam emittance, R , can be written in terms of the mask geometry, i.e., ω (hole diameter), d (centre-to-centre distance between the holes) and L (mask-screen distance) (Eq. 6) [2] . f
The thickness of the mask is chosen so that either all particles outside the hole apertures of the mask are completely absorbed or they are scattered to form a distinctively separate signal to that originated from the beam-lets. To eliminate electrons diffusing the mask, one should chose a mask thickness of at least one radiation length. The radiation length, L s , of the material for a given incoming beam energy, E, is a guideline to determine mask thickness where ρ is the density of mask material (19.25 g/cm 3 for Tungsten). It is calculated using the stopping power regarding the target material, using the BetheBloch equation, dE/dx, and is given in practical units as in Eq. 7 [2] .
When the expected operational intensity is high enough to not raise any concern on collecting enough light for imaging, then the mask can be made one radiation length so that no background due to electrons diffusing is generated. On the other hand, the aspect ratio of the mask (ratio of hole sizes to mask thickness) can be challenging to achieve for very fine matrix of holes for thick masks. The most common machining technique is the laser drilling which is limited about 200 µm for the achievable distance between holes and aspect ratio of the mask, i.e., the ratio between the mask thickness and the hole diameter (generally up to 110% is possible). Electrical discharge machining is another existing technique with finer machining capabilities for a larger cost and can easily overcome the machining limitations mentioned above. When there are machining limitations, a pepper-pot mask thinner than the radiation length can provide more flexibility. In this case, electrons masked by Tungsten slab will be scattered rather than absorbed. Such scattered electrons produce a generally Gaussian distributed background on top of electrons propagating through the holes which can be differentiated from this beam-let distribution with offline background subtraction.
Once the beam-lets propagate through the mask, they travel through a certain drift length before reaching the screen. Depending on the beam divergence, σ , the observation screen should be distanced from the mask to prevent beam-lets from overlapping on the screen, namely, fulfilling the condition 4σ L < d.
Finally, one can ensure that position and angle resolutions are comparable, σ/d = Lσ /r d , where σ is the rms beam size and r d is the resolution of the detector (pixel size of the CCD camera) which is taken 10 µm for this study.
An analytical initial mask design was performed under the focusing condition ensuring that the beam envelope is matched to the linac entrance. A range for mask geometries spanning from 100-200 µm for the hole diameter, 100-1250 µm for the centre-to-centre hole distance and 30-270 mm for the mask-toscreen distance were explored in the light of the design criteria above. The results fulfilling R ≈ 1 are summarised in Table  II . Apart from the criteria summarised in the table, one should make sure that the angular aperture of a single hole on the mask, ω/4L s is larger than the expected beam angle, ε n /γσ. For the parameters considered in this study, the average beam angle ranges from 0.5 to <1 mrad while the angular aperture of the mask ranges from 10 to 22 mrad depending on the hole diameter and assuming that the mask thickness is equal to the radiation length (2.3 mm) of Tungsten for 6.6 MeV electrons. Therefore the angular beam clearance is more than sufficient for the geometries considered.
In the table, the values for 4σ L suggests no beam-let overlap on the screen. However, the position resolution σ/d values become an order of magnitude smaller than the angular resolution, Lσ /r d , towards the bottom of the table. This might imply one might not achieve enough number of beam-lets on the screen. These design points were tested for the beam distributions created by PARMELA for the focusing conditions given in Section II using a custom tracking code introduced in the next section.
C. Tracking Simulations
An initial Gaussian beam with 0.5 mm radius and 4 ps bunch length was tracked with PARMELA in the presence of previously mentioned RF and magnetic fields. The distributions at the location of the mask are retrieved from PARMELA and further tracked through a mask with a given geometry up to a One should note that, in a real life measurement the background can be more complicated due to external effects such as any ambient light, heating of the screen and x-rays due to the interaction of the electrons with Tungsten mask. PARMELA simulates macro particles which are ensembles representing many real particles. A macro particle unfolding algorithm is included to provide a more realistic signal intensity for tracking. This algorithm creates a number of new particles in a Gaussian distribution within a certain radius around the mean position of each macro particle with the same divergence of this mother particle. In this study, each macroparticle is unfolded into 100 new particles within a radius of 10 µm. The unfolding method smooths out the distributions to help with the tracking and analysis. Subsequent tests showed that the final normalised emittance result changes 1-2% between unfolding with 100 new particles and no unfolding.
Unfolded particles coinciding with the holes on the front face of the mask are considered as survived particles and kept for further analysis. Divergence of the beam is taken into account during the propagation through the mask thickness and the drift section up to the screen; a particle with a trajectory exceeding a hole aperture is considered as an absorbed particle and is removed from the rest of the calculations.
Results of beam tracking for four different focusing conditions are presented in Fig. 5 . These include the transverse projections of initial distributions incoming at the mask location, distributions at the front and back face of the mask and the distributions at the screen. From Fig. 5-(a) to (d), distributions represent an under-focused envelope, an envelope satisfying the matching with linac, an envelope minimising the emittance at the mask and an over-focused envelope.
The transmission to the screen is found to be 10 to 50% depending on the number and size, namely the density, of the holes on the mask. The tracking model assumes a mask thickness of more than or equal to the radiation length of the material. Hence particles hitting the mask are considered as absorbed by the mask rather than propagating through, scattering from the mask material and hitting the screen. Under this assumption, 1% of the particles travelling through the holes are absorbed. In reference [19] the scattering of particles at the edges of a slit is studied via Monte Carlo simulations. These results are used to investigate the effects of slit geometry as well as the mask material on the amount of scattered background particles reaching the observation screen in investigated. Results reported in this paper are based on a mask design with straight cylindrical holes.
D. Systematic Error Analysis
The position (σ x i ) and intensity (σ ρ i ) stability of the beamlets can be approximated to the pointing and intensity stability of the laser, respectively, by ignoring any field errors or misalignment. The error on the angles is calculated using the beam-let widths and distance between the mask and the observation screen as in Eq. 4, σ = σ i /L.
Once this average systematic error is much smaller than the statistical error on the measurements, the diagnostics is deemed accurate within the given beam stability.
The systematic error on a function f (x, y, z) is derived using the general expression given in Eq. 8,
where σ i = σ x , σ y , σ z are the uncertainties on observables with i = x, y, z.
The systematic errors such as the position and angle resolution of the mask (σ x ,σ x ), as well as the intensity fluctuations of the beam (σ ρ ), were propagated through the variables of each term in the rms emittance calculation in previous section and are presented through Eq. 9-12. Finally, errors associated with each term were combined to provide the systematic error on the emittance measurement. This is shown in Eq. 13 in terms of the moments and intensities of the beam-lets as well as the individual errors on these observables.
One should also note that a correction can be introduced on the angular spread of the beam-lets for beams incident on the mask with large divergences. This is generally a case for electron beams generated through laser-plasma interaction and causes a distortion in beam-let profile during the propagation between the mask and screen which introducing a correlated divergence. The correction used to remove this correlated divergence is given in Eq. 14 and the concept is explained and sketched in detail in [20] . Note that the notation in the reference is different to the one in this paper regarding the rms angular spread due to emittance (σ i , where i refers to the i th beam-let), the measured rms beam-let width (σ i ), hole width (ω) and distance between the mask and the screen (L).
where M is the magnification ratio defined as
Here L g is the distance from the electron source where electrons originate to the mask. The factor 1/ √ 12 is introduced to provide the rms value of the flattop distribution created by the holes.
IV. PERFORMANCE AND LIMITATIONS OF EMITTANCE MEASUREMENT SYSTEM
The mask geometries suggested by the analytical calculations were tested using the tracking algorithm through a rigorous iterative process as a function of hole diameter and centreto-centre hole distances on the mask as well as the distance between the mask and the screen. The mask geometries producing closest results to those retrieved from the PARMELA simulations are presented in Table III in bold characters.
In the weakly focused region (under-focused envelope), the reconstructed emittance values are overestimated by 40% in average. A typical example of an under-focused distribution can be seen in Fig. 5-(a) . When under-focused, the projected emittance under space charge force is not compensated (by aligning the phase space angles due to slices). This leads to emittance growth and halo formation, creating high intensity tails at the beam projection at the screen [21] . Furthermore, in the algorithm, given through Eq. 3 to Eq. 5, rms values are calculated as a weighted sum with regards to the relative intensities of the beam-lets. This is compatible with a general case where the beam is Gaussian and outer particles contribute to the rms emittance less than the particles occupying the core of the beam. Therefore, for non-Gaussian beams the tail particles contribute to the rms emittance as much as the core particles causing an overestimation of the reconstructed emittance through these method. Although the over-focused distributions considered for this study preserve their Gaussian form, by the same token, they are prone to the same problem depending on the level of over-focusing.
This further investigation shows that pepper-pot method is mostly reliant on the incident beam distribution and it works best for beams focused on or at the vicinity of the mask, i.e., beams incident on the mask with a quasi-laminar envelope. The indications of a similar behaviour was observed during the commissioning of PHIN photo-injector which utilised a multislit set-up [7] , however the behaviour was not clearly noticeable as measurements were not sufficiently extended outside the matched region. Among all the geometries considered, there found to be a particular geometry works for a certain envelope rather than a single design which can measure under a large range of focusing conditions.
Examples of the resulting distributions on the screen are presented in Fig. 6-(a), (b) and (c). The corresponding projections are shown in Fig. 6-(d) , (e) and (f) with a Gaussian curve fit to each beam-let in order to determine their mean position and widths. Emittance values are calculated using these moments and relative intensities of the beam-lets. The phase space distributions are reconstructed using divergences calculated from beam-let position offsets from the hole positions and intensity distributions of the beam-lets. These are presented in Fig. 6 -(g), (h) and (i).
The analytical criteria were reapplied for these optimised geometries as summarised on Table IV. Even if hole diameters as small as 100 µm considered in the initial geometries it was seen that the transmission was only a few percent proving the analysis difficult, therefore final solutions converged towards larger hole diameters. The choice of larger holes led to increase in R values. This can be compensated by a trade off between d and L. The choice of increasing the centre-to-centre distance between the beam-lets is limited by the number of beam-lets generated, especially in the focused distributions, where the beam size is smaller. On the other hand, the distance between the mask and the screen should be chosen carefully to minimise the overlapping.
V. CONCLUSIONS
Apart from analytical guidelines, pepper-pot set-up requires extensive iterative numerical optimisation. A MATLAB script is developed in order to track the particle distributions, retrieved from PARMELA, through a mask with given geometry and up to a downstream screen. The script then uses the projections of the distributions at the plane, where the screen is During the tests on beam distributions under different solenoid fields, it was observed that for under-focused (and potentially over-focused) envelopes, pepper-pot algorithm is unable to produce retrieved results from PARMELA. This is due to the contribution from the tails of the projections when the reconstruction algorithm is used for non-Gaussian beams. This is the case when the beam emittance is not compensated, allowing emittance growth due to space charge and associated halo formation which then creates high intensity tails in the projection of the transverse plane. Therefore, the method was found to be effective for Gaussian beams under solenoid focusing close to the conditions allowing emittance compensation or matching to the linac. Furthermore, a design allowing for more than two beam-lets (a restriction especially at the focal point) is essential for statistical significance.
After demonstrating the sensitivity of pepper-pot measure-ment system design to incoming beam parameters, for versatile operation, we suggest the concept of a multi-region mask housing different geometries for different operational conditions.
As a merit of performance for pepper-pot technique, an expression for the systematic error is presented using the rms emittance formula and terms resulting from the pepper-pot algorithm. Once this value is smaller than the statistical deviations in the measurements, the mask design is deemed reliable for measurement precision within the given beam stability.
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